Soc. vol. 78 (1955) pp. 333-342. 4 Since an algebra of type Isn in the sense of the above definition has no subalgebras isomorphic to the (w-f-1) X(w + 1) matrices, it is clear that a von Neumann algebra is of type Iin as defined above if and only if it is of type I in the usual sense and all the direct summands of homogeneous type Ik are zero for k>n. Consequently the present terminology accords with the usual one.
Theorem
1. Let G be a connected semi-simple matrix group. Let L be the left regular representation of G on L2(G), and let £ be the von Neumann algebra generated by L. Let K be a maximal compact subgroup of G, and let p be an irreducible representation of K of degree n with character x/n. Let E be the projection given by
where dKk is Haar measure on K and the integral is in the weak sense.
Then the algebra E&E is of type Iin2.
Proof.
The group G has a connected solvable subgroup 5 such that G = KS (see [4, Lemma 3 .11 and the proof of Lemma 3.12]). Let ft be the algebra of all 7L0 with <p in C0(G) where 77 = /'G<p(x)L(x)dx. It is sufficient to show that E&E is of type Iin2-This will be done by exhibiting a separating family of homomorphisms of E&E into qXq matrices with giSra2. Such a family is provided by the finite dimensional irreducible representations of G. If 7 is a finite dimensional representation of G we consider the homomorphism Lj-^>Jf(x)y(x)dx of d into operators on the representation space of y. Since G has a faithful finite dimensional representation, the Stone-Weierstrass theorem implies that these homomorphisms separate ft. Consequently, since G is semi-simple, the ones arising from irreducible y separate ft. Let Q= fKx(k)y(k)dnk. Then ELfE-+Q(ff(x)y(x)dx)Q under the homomorphism. It is, therefore, sufficient to observe that the dimension q of the range of the projection Q is ^n2. But this is a consequence of the fact that y\K is a cyclic representation, which we shall now show. By Lie's theorem there exists a vector v such that y(s)v=\(s)v for all s in 5 where \(s) is a scalar. Since y is irreducible y(G)v=y(K)y(S)v=~K(S)y(K)v spans the representation space, and so y(K)v does also.
Corollary. Let G be a connected semi-simple matrix group. Then every continuous unitary representation of G is of type I.
Proof. Let U be a unitary representation of G, and let p be any irreducible representation of a maximal compact subgroup K. Let X"/n be the character of p where n is the degree of p. Let Pp =/xP(x) U(x)dx. Let Tl be the von Neumann algebra generated by U. Then Pp'MP,, is of type is"2 since a number of subalgebras of E£E have homomorphic images which are weakly dense in Ppc\lPp. But {PP} is an orthogonal family of projections whose sum is i. Hence "M is of type I.
